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	.v�� z�� %.v�� zol
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Θ(1) Θ(1)Θ(1) Θ

(n)

(1)

logn
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· g XZ^�O&\~qZ¥�¥6Z¤qZ¥tIVPSO�XZY �dWJstFVOQPS^nK�s¦XuF �GOQXZ^nK \~styu�
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E={(1,3), (2,3), (2,4), (3,4), (4,5)}

1 3

2 4

5

6

V={1,2,3,4,5,6}

� OE�n_�`�v��E`fLNMPOEu8>��
��7���7���Q�OELTSPgEh��+`aSbd�L��a`�MHy
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~#�����¡ 
¢¤£ gK¥Rg
v�`x¦§OK_�¨��E`fu�¨�¥ ©�`aSegEh�Sb`xOE¦§¦NLTh?` Q0SbgE©�¦T`
¥ªMHy
¢¤£ _0`a«¬O¡Sb`fOEu8L­¥¤Q�gESbd�OEu
dPdbg
g®¦�L�u¯d�_�`fv0`�MbLT�®u¯gEh°OE¦T�EgES�L�d�_�¥RMHy
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E={(1,3), (2,3), (2,4), (3,3), (3,4)}

1
V={1,2,3,4,5}

3

2 4
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¢V¶ `aSbdb`H· ¸ LNMPOEu¹oºta»®¼NF®m½k%w �+`aSbdb`H·¾y
¢ � v0�E` Up¿�Y&¿
\ÀL�MPOÁtakH¼ ÂsÃ(¼­»
»aG�y
¢¤£ _0`�o?Ä�Ãbw�kXCED&kskÅgEh°�+`aSbdb`H·ÇÆÈL�MÉd�_0`4u�¨�¥ ©�`aS�gEh�`�v0�E`�MÅ`�u
db`aS�LNu��ª�®`�Sbdb`z·¬Æ�Upv�`xu�gEdb`�v8ÊÌËPUpÆ�\b\syÊ Ë U�Í�\�ÎÏÊ Ë U�Ð+\�ÎÏÊ Ë U�¸+\2ÎÀÑ�Y Ê Ë Up¿
\ÒÎÀ¿�Y Ê Ë UÔÓ�\�ÎÀÐ
¢¤£ _0`Ç»EÕ�mpÃbw�k�CED�kskÅgEh��+`aSbdb`z·¬ÆÈLNM�d�_�`fu�¨�¥ ©�`�SegEh°`xv��E`�M�¦T`xOx�ÖLNu����+`aSbdb`H·¬Æ�Upv�`�u0gEdb`�v8Ê�×ØUpÆ0\b\syÊ × U�Í�\2Î ÍEY Ê × U�Ð+\�Î.Ê × Up¿
\2ÎÙÐ�Y Ê × UÔÓ�\�ÎÏÊ × U�¸+\ÒÎÀÑ

¢ÁÚ
Û+Ü#Ý

Ê Ë UpÆ0\�Î Ú
Û+Ü#Ý

Ê × UpÆ�\�Î ÞßZÁÞ
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E={(1,2), (1,4), (2,4), (3,5)}

1
V={1,2,3,4,5}

3
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5
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dPdbg�Æ�Upv�`�u0gEdb`�v8Ê�UpÆ0\b\syÊ�U�Í�\ÒÎÏÊ�U�Ð+\�Î.Ê�UÔÓ�\2ÎÙÐ�Y Ê�Up¿
\ÒÎÏÊ�U�¸+\�Î Í

¢ÁÚ
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Ê�UpÆ�\ÒÎÙÐ���ÞßZÁÞ
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¢ Z L�MÉOE¦�¦Tg�]j`xv8dbg��Hg®u
d�OELNu8d�_0`fMbO+¥¤` Q#OEL�SPgEh��®`�Sbd�L��H`xM4U
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      (5,3), (5,3), (5,5), (5,5)}

E={(1,3), (1,3), (1,3), (1,4),

      (3,4),

V={1,2,3,4,5}
1 3

2 4

5
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�Y 	 � Î.Æ��KOEu#vBUpÆ�� Ë � Y�Æ��[\ �¯Z h?gES
� Î ÍEYsÐ�Y�� � ��Y����

¢Ç£ _�`8¼­kHÄ�CEm?I�gEh^OÁQ�O¡d�_�L�M4d�_0`ªu�¨�¥ ©�`�S}gEh`�v0�E`�MPLNu8LTday
¢ A Q#O¡d�_¬LNM}tzo��4G�¼­kÅL�h�OE¦�¦§d�_�`4�®`�Sbd�L��H`xMjL�u8L�dO¡Sb`fv0LNM[d�L�u0�aday
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	 Ð�Y�Ó0Ys¸�YbÓ0Y�Í�� LNMPOªQ�O¡d�_�gEh�¦�`�u��Ed�_�Ó Upu0gEdÉMbL­¥RQ#¦T`¡\sy
	 Ð�Y�Ó0YaÍ�� L�MPOKMbL­¥¤Q�¦T` Q#O¡d�_�gEh2¦T`�u0�Ed�_±Ð�y

¢ A Q#O¡d�_ 	 Æ�
�YeÆ
�EY � � �aYeÆ���� h?gESs¥ªMeO8q���qH¼NkeL�h°Æ�
 Î.Æ���OEu0v¬O¡dÅ¦�`�OEM[d Í)`�v��E` L�M�L�u¬d�_�` Q�O¡d�_¾y
	 Ð�Y�Ó0Ys¸�YbÓ0Y�ÍEYsÐ � L�MPOK�H«Ö�a¦�`®y

¢ A �a«Ö�a¦T`fLNM tno!� G�¼Nk LTh2OE¦�¦§d�_�` �+`aSbd�L��a`�MeL�u±LTdØO¡Sb`fv0L�M[d�LNu0�Hday
¢ A �ES�O¡Q�_8]PLTd�_±u�gÈ�H«Ö�a¦�`�M�L�MP��OE¦�¦T`xv�F
q���qH¼�orqHy
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¢ AØu�¨#u0v0L�Sb`��Hdb`xv �ES�O¡Q#_¹L�MÁqs»EÄ�ÄÌk%qHm½k%wÈLThj`��®`�Sb«Q#OEL�SPgEh��®`�Sbd�L��H`xMeL�MP�ag®u0u�`x�Hdb`�v�©�«ÇO�Q#O¡d�_¾y
4 5

21 3

¢¤£ _0`Çqs»EÄ�ÄÌk%qHm½k%w8qs»��4G0»EÄÌkHÄ�mÔt^gEh°OEu¯¨#u0v0L�Sb`��Hdb`xv��ES�O¡Q#_±O¡Sb` d�_�` `���¨#LT�lOE¦T`�u#�H`f�a¦NOEMbM[`�M�gEh�+`aSbd�L��a`�M�¨0u0v0`aS�d�_�`&%½oºt D�k%F�q%I#F('H¼Nk�Â%D�»��*)eSb`�¦NO¡d�LTg®u¾y

{1,2,5}

{4}

Connected components:

{3,6}
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1

6
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¢ A v0LTSb`x�Hdb`�v �ES�O¡Q#_.L�M±tnmrD�»®Ä�CE¼ � qs»EÄ�ÄÌk%qHm½k%w´LTh`a�+`aSb«.Ð��+`aSbd�L��a`�M¬O¡Sb`¹Sb`�OE�n_0O¡©�¦T` h?Sbg�¥ `xOE�n_gEd�_�`�Say
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6
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¢¤£ _0`RtnmrD�»EÄ�CE¼ �¬qs»®Ä�ÄÌksqHmXksw8qs»�� G0»EÄÌkHÄ�mÔt^gEh°O�v#LTSb`��adb`�v��ES�O¡Q#_±O¡Sb` d�_�` `#��¨0LT�lOE¦T`xu0�H`f��¦�OEMbM[`�MPgEh�+`aSbd�L��a`�M�¨0u0v0`aS�d�_�`&%(FED�k �ªÕÖmrÕ�FE¼?¼ �ÈD�k%F�q%I#F('H¼Nk()eSb`x¦�O¡d�LTg®u§y

1 3 4

6

5

8 9 10

2

7

components
{1,2,6}connected

Strongly 
{9}{4} {5,10}{3,7,8}
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¢ AØu8¨0u0v#LTSb`��adb`�v��ES�O¡Q#_±L�u¯]P_0L��n_�`��®`�Sb«ÈQ#OELTSÉgEh°�+`aSbd�LN�H`�MeLNMP�Hg®u#u�`��adb`�vÁ©�«¬OEu�`�v0�E`®y

1

2

3 4

5

ÞßZÁÞEÎ � Ý �	��
�� Ý � Ë ��
�

Ê�UpÆ�\ÒÎ Þ WÇÞ�� ÍEY��ÌÆ � W

Ê��s��7��@���?~0�Á����~0�����

¢ AØu ¨#u0v0L�Sb`��Hdb`xvB�ES�O¡Q�_ L�u�]P_0LN�n_OE¦�¦��®`�Sbd�L��H`xMeO¡Sb` gEh�v0`a�ESb`a` Ê�y
1 2 3

4 5 76

A ��¦�L ��¨0`fL�MPO UsÞ WÇÞ�� Í�\���Sb`��®¨0¦�O¡SÉ�ES�O¡Q#_¾y
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¢ AØu ¨0u#v0LTSb`x�Hdb`�v �ES�O¡Q#_ J Î UXW2YbZV\¯L�u]P_0L��n_ÙW L�MÇQ#O¡Sbd�L�d�LTg®u�`xv.L�u
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	 � W �¤OEu0v±Æ � W��
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¢ AØu8¨0u0v#LTSb`��adb`�v8�Hg®u#u�`��adb`�vÁ�ES�O¡Q�_8]PLTd�_±u�gÈ�H«Ö�a¦�`�MHy
1 2 3

4 5 6
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¢ AØu8O¡SbS�Ox«��ØÊ��cgEhØÞ WÇÞ�¦�LNM[d�M���g®u�` h?gESÉ`�OE�n_Á�+`aSbdb`H·¬L�u�WRy
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	 gESP`�OE�n_ 	 � W �#d�_�`4OEv��[OE�H`xu0�H«¬¦�LNM[d
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Ä�¦�«Æ§%§��¨�
¾�� dg~ !:d�Q�t#v�UlX��RUlf#_ �ª� �4��� �ª� !l���

� È0¸ �bÍ ¸[³ � fnUe_[SVa4h�Y �®�=W�QTh6QTS\U8W�XZY�rl~ Ulfn|4f#_4duW`S\X�h`SV_GjlW�U8a#Y ���[SEp>SEW`��SV_[jlSkdgf � dgQ6SVduh�Y4SEW
Ueh`W`SVSNSV_4jlSkrlW}U^t#UlX��RSV_[jlS>w
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J�
 h`rlabrsvurljsd�XEUlv·QTrlW`horl~ U�K�

� ��� Y7Z � ]�^ dgQ}U�vgd�f[SVU8W}rlW�_[SEW�d�f[j�rl~¬Ulvgv�rl~¬duh�Q�p>SEW`h�d�X�SVQqQ`|#XZY
h�Y4U8h*du~0� XErsf
h�Uldgf4Q}Ulf{SV_[jlS Y � �*! ^ h�Y4SVfn� U8a#a�S\U8W�Q}t�SV~¢rlW`S !:dgfih�Y[SkrlW�_4SEW�dgf4j4w

J � ~�h�Y[SkjlW�U8a#Y�dgQ}f[rlh}UlXE�+XEvgd�Xl�#h�Y[SVfnf4rev�dgf[S\U8W*rlW�_[SEW�d�f[j�d�Q�abrsQ`Q`dut#vgSsw
T ´�´·¶�É¢Ó>²[Ê�É � U KISVf4rlh`SVQ6a4W`SVXESV_[S\f4X�S\Q­U>�Lrsf4j�SEp>SVf
h�Q�w

°2±�²�³µ´·¶¢¸ � rs|[W�QTS a4W`SVW`S�� |4d�Q`duh`SVQ�w

theory
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Theory of 

languages
Programming 

Automata Digital logic

Discrete structures

Data structures

Compilers

Algorithms

Computer
architectures systems

Operating 

Assembly
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h�rl~·Uevgd�f �sSV_nvgd�QThEw
( w �oSEh�|[W�fih�Y[Skvgdgf �lS\_iv�dgQThorl~·h�Y[Skp>SEW`h�d�X�SVQ�w� É�³µ¸�² U ²=¶ËÎ V�ÉWVLXLY7Z\[)]�^
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�­¸[³ ³µ² 
 _4dgW`SVX�h`S\_{jlW�U8a#Y � d�QoUlX��+XVvgdgXkdg~·Ulf#_{rsf4vu�ndu~¬U^_4SEa4h�Y+� ��W�QTh}QTSVU8W�XZY{rl~0� �+duSVv�_4Q
f[r�t#UlX���SV_4jlSVQ�w
� Í�� ���
] ��� c � dgQoUlXE�+XEvgd�X � � Y4UlQof4r^t=UlX��:S\_[jlSVQ

u

v O |[a4abrsQTSoh�Y4SEW`SodgQ�UIt=UlX��kS\_[jlS Y � � ! ^ w#/�Y[S\f���!ÁdgQ�UlfeUlf4X�S\QTh`rlW
rl~­� dgfµh�Y[S^_[SVa4h�Y �®�=W�QTh¹~¢rlW`SVQThEw /�Y |4Q���h�Y4SEW`S^dgQ¹U�a#U8h�Yµ~¢W`r��
!Gh`rR�Ðd�f ��� /6Y#U8h*a#U8h�Y�h`rljlSVh�Y[SEW*moduh�Y Y � � ! ^ ~¢rlW¨� U�X��+XEvgSsw
���

]�� �2c � Y4UlQof4r�t#UlX��RSV_4jlSVQ�� � dgQ}UlX��+XEv�dgX

c

u

v


*Q`Q`|��LS�h�Y4U8h � X�rsf
h�Uldgf#QLU X��+XVvuS
	8w�� S:m�d�vgvqQ`Y[r�m h�Y4U8hLU
_4SEa4h�Y+� ��W�QTh}QTSVU8W�XZY{�+dgSVvg_#QoU^t#UlX��RSV_[jlS>w

 SEh�!ntbSeh�Y[S��=W�QTh¹SV_[jlS^_#dgQ`X�r�p>SEW`SV_�d�f�	8w�� � U8a4a#W`rla4W�dgU8h`S\vu�
U8W`W�Ulf4jsdgf[j h�Y[SepsSVW`h�dgX�S\QIrl~�	Ld�f h�Y[S�Ul_��TUlXESVf4XE� vgd�QTh�Q���m­S�XEUlf
�eU �lS¹h�Y[S�KNMPO�W`S\UlXZYn�iUlf#_nh�Y |#Q��4��tbSVX�r��^SVQ�U^_4SVQ`X�S\f4_4Ulf
h
rl~ !=w0/�Y[SVf�� Y � �"! ^ tbSVXEr��LSVQqU�t#UlX��RSV_[jlS>w ���
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� È0¸ �bÍ ¸[³ / rlabrsvurljsd�XEUlv O�rlW`h Y � ^ a4W`r _4|4XESVQoU�h`rla�rsvgrljsdgXEUlv�QTrlW`h}rl~·UeK�

� �
� Í�� ���� h}Q`|��RX�S\Qqh`r�Q`Y[r�m h�Y4U8h}~¢rlWoUlf
�Ra=UlduWorl~·p>SEW`h�dgXESVQq� �
!�� Z �4du~·h�Y[SEW`SkdgQ*Ulf{SV_4jlS�dgf �
~¢W`r�� � h`r !��#h�Y[SVf � � !l��� � � �#�¼w
� rsf4Q`dg_4SEW2Ulf
��SV_[jlS Y � �"! ^ Szy[a#vgrlW`SV_it �RKNMPO Y � ^ w

�ÑY[S\f Y � �*! ^ d�QqS�y[a#vurlW`S\_�� ! Ó>² U;U � Ê���¸�� Í ¸
Î w Y !em rs|4vg_{tbS¹UlfnUlf#X�SVQTh`rlWqrl~ � �4Ulf4_Gh�Y |4Q��
Y � �*! ^ Uet=UlX���SV_[jlS ^ w
/�Y |4Q�� !Rd�Q�SVdgh�Y[SEW�moY4duh`SkrlW}t#vgUlX��bw
J�� � ! ÉWV � È�ÉËÊ\¸ �#dgh6tbSVXEr��LSVQ�U�_4SVQ`X�S\f4_4Ulf
h�rl~ � w ��� � � !s� � � � �4�¼w
J�� � ! ÉWV��·¶¢²4Ó�Ô �=h�Y[S\f !:dgQ���f#dgQ`Y[S\_�w ��� � � !l� � � � �#�¼w
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ÉWV\¸ V
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+-,/. 021�3�1�4/.65�7�894:5<;-=�89>@?A.CBEDGF9FHB#=�7�IJ,

KML NPORQTSUN�VPWYX<O[Z]\U\UNP^_Z`Qba
c dfehgCeji�kml anOo\#NP^`p#qYO�r Wts l ^uZvswSJr pxOTN�^`yzVPSnp#\UNP^`p#qtO
r{V}|
c ~���������kw��l anO[VPSnp#\UNP^`p#qtO
r{V�pw��V�^_qtX�Wtsn� l aUO
r NPO�QTSnN�VPWtX_O�qY�_|
c ~�������e���k�l anO[V�^_q�S l WY^_s#VA^`y l aUO[VPSnpU\#NP^`p#qYO�r{V�W�s l ^ l anO[V�^_q�S l WY^_s�^`y l anOo^`N�WY�_W�sUZ`q
\UNP^`p#qtO
r{V}|

�H��� �-���jkx� � ORNP�`O���^`N l

� � � �h �¡�ej¡<� ¢ Z`V�OR£¤^_s-¥&¦¨§}©n¥b¥�¦}ª«§¨¦�¥�¦}¬®­`¯±°³²_ªU´b|
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¶�· k¹¸6º�»½¼9�w¾�kw�m�x¿ � �G¸-ÀÁ¸EÂ �UÃ �]e �
Ä sn\JS lTÅ L/s ¸ÆÀ¤¸ r{Z l N�W�ÇÉÈ |
Ê S l \JS lTÅ È9ËfÌÍÈ À È À-ÎRÎÏÎJÀ ÈÐ Ñ<Ò Ó

Ë l WÔr�ORVÕÖ�#×`Ã � È9Ø[ÌÙÈ À È QTZ`sÉpxO QT^�r�\#S l OR£ÚW�s¹Û�Ü ¸�Ý<Þßl W®r�O<|
K � ¡�e��-���jkàe Ã kw� �nÃ ehg«k � ������� �U× ·

Ü�á Þ âHã�äæåAçéè ÌêÈ
Ü�ë Þ ¿ì�í��î ÌÙë Ã � ¸-i��
Ü³ï Þ â9ã�äðå/ç�è Ì âHã�äæåAçéè À È

K � � � �h �¡�ej¡
� l OR\-á Å ñ Ü ¸ Ø Þ
� l OR\�ë Å ñ Ü ¸CÞ
� l OR\¤ï Å ñ Ü ¸6ò
ÞHóô¸Éõ áo^`\xOTN�Z l Wt^_sUVA^`y�Û�Ü ¸ Ý Þ O�Z`Qbawö
¶ � ÃR� �ìÅ ñ Ü ¸ ò Þ
÷ ��kw¡ Ã ej����� ø Z`s¤ùúO[£n^vpxO lPl OTNbû
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� i�ehgCeji�k�� � ��i�� × �����C��kw� � �����
� �U× ·
L/VPVPSJr{O l a#Z l�¸ Ì ë��½Ü�^`N��#qt^`� ¸ Ì	� Þ |�
:aUORs��
È9Ë Ì

Ë l WÔr�ORVÒ Ó<Ð Ñ
È À È ÀÆÎRÎTÎUÀ È Ì Ü


 � l WÔr�ORVÒ Ó<Ð Ñ
È À È À Î}ÎTÎUÀ È Þ�À Ü


 � l W®r{ORVÒ Ó<Ð Ñ
È À È À ÎÏÎRÎUÀ È Þ ^`N��

È9Ë Ì Ü³È 
 � ÞéÀ Ü³È 
 � Þ Ì �
Ü³È 
 � ÞéÀ Ü³È 
 � Þ��mÀ �
Ü³È 
 � ÞúÀ Ü³È 
 � Þ�� Ì ÎTÎ}Î ^`N��
È Ë Ì Ü³È 
 � Þ Ø Ì �xÜ³È 
 � Þ Ø�� Ø Ì ����Ü³È 
 � Þ Ø�� Ø�� Ø Ì �����PÈ Ø � Ø � Ø Î}ÎTÎ � Ø

Ð Ñ<Ò Ó��� � Ë

logn

A n

A A 

AAAA

A A A A

A A

A A A A

A A

n/2

n/4

2

n/2

n/4 n/4 n/4

2 2 2
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K � i�ehg�eji�k�� � ��i�� × ��������kw� � �$#x�x� e Ã · �

â9ã�äðåAçéè ÌÍÈ
¿ì�x��î Ì á Ã � qY^`� ¸ài��

â9ã�äðå/ç�è Ì â9ã�äðåAçéè ÀÁâ9ã�äðåAçéè

¶ e��-k � � � �h �¡�ej¡<� ñ Ü ¸�Ý qt^`� ¸CÞ

Â �x��k%#íkn��kw� � ���h �� Ä yærvZ l N�W Çfr�SUq l Wt\#qtW�QTZ l WY^_s¹QRZ`sÉpíO[£U^_snOo^_sàÛ�Ü'&�Ü ¸CÞPÞ�l W®r�O l aUORsÁÈ9Ë
QTZ`s¤pxO[Q}^�r�\JS l OR£ÉWtsàÛ�Ü'&�Ü ¸CÞ qt^`� ¸CÞ�l W®r�O<|
~���� �-kn� Ã � &�Ü ¸CÞ Ì)( Ü ¸ Ø Þ �JW�| O<|*� l ^mr�SUq l WY\#qt� l ùú^ ¸ÆÀ¤¸ r{Z l N�WtQTORV:ùúO[snOROR£ l ^u\íORNPyj^`N¨r(*Ü ¸ Ø Þ ^`\xOTN�Z l Wt^_sUV}|
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� e�� � �
 ê¡�k � � × ·
Ä sn\JS lTÅ L V�^`N l OR£ÁZ]NPN�Z
��È ^`y ¸ ORqtO
r�O�s l V@Z`sU£fZ`sÁO�qYO
r{ORs l �����x|
Ê S l \JS lTÅ 
�anOo\x^_VPW l Wt^_s½^`y �����ÉWtsÁÈ | Ä y������mW�V�sn^ l WtsfÈ ùßOoNPO l SnN�s��n|

K � Ã � ehg�e � � � �$#í�x�]e Ã · �
��O�Z]N�Qba l anO*Z]NPN�Z
�Úy NP^�r l anOopxOT�_Wts#sUWtsU� l ^ l aUOoORsU£Ö|
Ä y��_^_Sfr{OTO l ������£USnN�W�sn� l aUO[V�ORZ]N�QbaÉNPOT\x^`N l W l V�\x^_VPW l WY^_sÖ|
Ê l anORNPù�W�V�OoNPO l SnN�s��n|

� � � �h �¡�ej¡<� ñ Ü ¸CÞ


�aUWtV/W�V�Z � � i2i�kw¡�e$#«� VPWts#Q}OoùúO[sUOTX<OTN l ^�^
	ÉWts l ^�Z`QTQ}^_S#s l:l aUOoy Z`Q l�l aUZ lAl anO*Z]NPN�Z
�ÉW�V
Wts#W l WtZ`q�qY��V�^`N l OR£6|
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� i�ehgCeji�k�� � ��i�� × �����C��kw� � �����
� �U× ·
L/VPVPSJr{O l a#Z l�¸ Ì ë��½Ü�^`N��#qt^`� ¸ Ì	� Þ Z`sU£ l aUZ l È WtVAV�^`N l OR£fWtsfWtsUQTNPORZ`VPWtsU��^`N�£nORNT|
� î ¸
��� � ��� ������� Ü³È�� î ����� ����� Þ ��� �
ORZ]N�QbanO�V@y ^`N �����ÚW�sÁÈ óôî���� �
ö ���
ej¿/î! � ��k Ã ���]� Ü"� Þ � ��i2k � e Ã
ej¿/î!# � i��

$ î&%'%)( �9Ì *�Ü î,+ � Þ�- ë�.
ej¿ ������ÌÙÈ ó $ î&%'%)( �}ö Ã · kn�G��k Ã ���]� Ü $ î&%'%)( � Þ � ��iÙk � e Ã
kn�j¡�k¹ej¿ �����0/ È ó $ î1%'%�( �}ö Ã · kn� � î�¸
��� � ��� ������� Ü³È�� î � $ î&%�%�( � õ á�� ����� Þ
kn�j¡�k � î ¸
��� � ��� ������� Ü³È�� $ î&%'%)( � + á��2�3� ����� Þ

2
k

2
k-3

2
k-1

2
k-2

2
k-1

2
k-2 2

k-2

2
k-3

2
k-3

1

A
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�

¶�· kw�x��kn� Ä y ¸ WtV�W�s l aUOoN�Z`sn�`O ó ë���� � �%ë�� Þ � � î�¸
��� � ��� ������� r{Z�	_ORV@Z l r{^_V l ��O�qYO
r{ORs l
Q}^�r{\#Z]N�WtV�^_s#VAyj^`NAZvVPSUQRQ}ORVPV�y�SUq�V�ORZ]N�QbaÁZ`sU£¤ORW l anOTN � õ á[^`N �ÚQT^�r�\#Z]N�W�V�^_sUVAyj^`N�Z`s
SUs#VPSUQTQTORVPV�y S#qÖV�O�Z]N�Qba6|
¼ �
���x¿ ø ^_s#VPWt£nORN l anOopJWtsUZ]NP�Á£nORQRWtVPWY^_s l NPOTOoy ^`N � î�¸
��� � ��� ������� |

2

3

1

4 (k)

5 (k+1)

1

3

4

5

6

7

8

9

11

13

1210 142

K�L VPS#QTQ}O�VPV�y SUq�V�ORZ]N�QbaÉO�sU£UVAZ l Z�� sn^w£nO_|
K�L/sÁSUsUVPS#QTQ}O�VPV�y SUq�V�ORZ]N�QbaÉO�sU£UVAZ l Z�� sn^w£nO_|
K�� sn^w£nORV�OÏÇUWtV l Z l qtOTX<ORqtV*á ��� �x|
K�� sn^w£nORV�OÏÇUWtV l Z l qtOTX<ORqtV �mZ`s#£ � + á`|
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K 
:aUO l W®r�Ooy ^`N�ZuVPSUQTQTORVPV�y S#qÖV�O�Z]N�QbaÁWtV9Û�Ü³qt^`� ¸CÞ ù�a#WtqYO l anO l WÔr�Ooyj^`N/Z`sÁSUsUVPS#QTQ}O�VPV�y SUq�V�ORZ]N�Qba
WtV ñ Ü³qY^`� ¸CÞ |

� � × ��� × ����¡�ej�«�

� � ×<× kw¡�¡�¿(���ú¡�k � � × · kw¡ 
f��¡�� ×<× kw¡�¡�¿(���é¡�k � � × · kw¡
¢ O�V l QRZ`V�O ñ Ü�á Þ ñ Ü³qY^`� ¸CÞ
� ^`N�V l QTZ`V�O ñ Ü³qt^`� ¸CÞ ñ Ü³qY^`� ¸CÞ
LAX<OTN�Z]�`O[QRZ`V�O ñ Ü³qt^`� ¸CÞ ñ Ü³qY^`� ¸CÞ

÷ ��kw¡ Ã ej��� � W�qtq�W l aUORqY\¤WtyzùßO[V�\#qtW l�l anO[q�WtV l Wts l ^ ï�\JZ]N l V Ü�¯ì¦}¥bª«­`¥�� ´T¦¨­_¥�§�� Þ û

n/3 2n/31 n
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Õ e���i�e�� # Ã · k × ���xg«k � · �����

K 
:aUOm§¨²`ª�� ¦�����©n¬j¬�^`y�ZvV�O l ^`y ¸ \x^_Wts l V�W�s l aUOo\#qtZ`sUO W�V�ZvV�O��wSnO�sUQ}O*^`yz\x^_Wts l V�yjNP^�r l anO[V�O l
ù�aUWtQbaf£nO��ísnO�V:ZvQ}^_s
X<OÏÇ��í�_SnNPOoORs#QTqY^_VPW�sn�mZ`qtqÖ\x^_Wts l V}|

�H��� �-���jk

K � i�ehg�eji�k�� � ��i�� × ��������kw� � ������� �U× ·
K��
\#qtW l�l anOo\x^_Wts l VAWts l ^mëvV�O l V �#ORZ`QbaÚQT^_s l Z`WtsUW�sn� ¸ - ë�\x^_Wts l V}|
K
	�ORQTSUN�VPWYX<ORqY�ÚQ}^�r{\#S l O l anO l ùú^�Q}^_s
X<OÏÇmawS#qtqtV}|
K ø ^�r p#W�snO l anO�ë�awSUq�qtV}|

���������
	�	
��������������������� � !#"%$&��'��("*) µ��
�H��� �-���jk

¼ �
�x���jkn� Ä l W�V/sn^ l ORZ`V�� l ^uQ}^�r pJWtsnO l aUO*V�^_qtS l WY^_sUV}|

� � Ã kw� � �UÃ ehg«k �
\#qtW l�l anOo\x^_Wts l VA£UW�
�OTNPO�s l qY�_|

¼ �
�x��kw� Ã   
:aUOo\í^_W�s l VAù�W l a l aUO[r{Z�ÇUWÔr�SJr Z`sU£frvWtsUWÔr�SJr ���ìQ}^�^`N�£#WtsUZ l O�VApíO�qY^_sn� Wts
l anO[QT^_s
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�x � VÈ¤Rl�_Ihªq�o£c]hnXIdfl��#� hnZwdfc]l8l�_3h
j t�X
� � �Êgud À �@��l�t�j�hHxi�

¿ gi�½o
qÃZÂZwhªguhª^yl½l�_Ih�of^yl�ti�Ãtul�qÕ��tul�_
l�_Ihph¢o£c�gutih¢Zwl<�PX3tuZ]_#tuX À l�t�j�hpl�_#o£l
^mofXbePh guh À ofguguqbZ]^`_Ih¢�3\3guhª� x

����������� ��� ¦ ��� ��¦ � ¥ ������� ¦ ��� � � ¥	�4%L�
�Î¶ ��� ���H¦! � ¥��
" ¶ �H² �
-n¶ ²
ØYJ�N � ¶M¬ ?ªJ � E�J

AFØ ¥��$# %87 ?
¨4SIK
" ¶ "&% ��� �

- ¶ �
N
S
?�Ó4N�K "

U + \Ic À c]hmhª�3qr^`_3dstu^yhÊtuZ�l�_3hÊdsXIhÊl�_3o£l®jko��3t�j�tiÏmh¢ZÂl�_3hnoHj�ds\3X
l�df¤ \3X3Z]^`_3hª�3\#gihª�bc]h�jkoftuX#tuX À
l�t�jkhsx

U J hml " ^ydsguguhª^yl�Z8l�_IhnZwhªguhª^yl]h¢�[of^yl�ti�Ãtul�tihªZyx
U -�ZwaPhª^ªt ��h¢Z�l�_IhpjkdsZwlÉc]h¢ZwhªX
l8of�3�3tul�tidsX�l]d " x
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3 5
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1 4
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Finising time

Starting time
Activity 

1 2 4 5 63 7 8 9 10 11 12 13 140
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§ N
JÃÖ�ACK4ÔD?�¨4SÐÔPN
SÆS
EG�ºB-S
?�¨4J E2ÚHJPN
N�SÆÚs?
Í�¨4SÆJPN�SIB � ¿ g À dfc�til�_�j ����������� ��� ¦ � � ��¦ � ¥ ������� ¦ ��� �Òa3c]d
�#\3^yh¢Z8Zwdsgu\3l�tidsX3Z df¤ jko��3t�jp\�j
Z]tiÏªhn¤ dfcÉl�_3hnof^yl�ti�Ãtul�q{Zwhªguhª^yl�tudsX[a#c]dfe#gih�j{x
� SIBDB-G�� � _Ihªc]hntuZ8ofX�dfa3l�t�jkofgÞZwdsgu\Il�tudsXÎl�_3o£l�e�h À tuX3Z<�8til�_�o À c]hmhª�3qr^`_3dstu^yh �3tCx hsx=�
of^yl�tu�Ãtil(qÎ²fx
§ N
JÞJPØ :Þhml " � �DePhnofX�dfa3l�t�j�ofgËZwdsg�\Il�tidsXÎdf¤�l�_3hnof^yl�ti�Ãtul�q{Zwhªguhª^yl�tudsX[a#c]dfe#gih�j{x

U + c��Ihmc�l�_IhÊof^yl�ti�Ãtul�tihªZ<df¤ " eÆqÕ�PX3tuZ]_#tuX À l�t�j�hsx
U :Þhml��rePhÊl�_Ih���c�Zwl<of^yl�tu�Ãtil(qsx
U�VÈ¤	��¶ ²*� hno£c]hn�3dsXIhsx
U�VÈ¤	��
¶ ²*l�_Ih¢X " « ��� � % �H² �pt�Z8ofguZwd�ofX�dfa3l�t�jkofgÞZwdsgu\Il�tudsX � % � � %�
�ofX3� �H² ��� � " � x

fk

rest of activities A

fkf1

rest of activities1

k

A-{k} U {1}
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� SIBDB-G�� VÈ¤ " tuZ½ofX�dfa#l�t�jkofgLZwdsgu\Il�tudsXrdf¤Þl�_Ih8dfc�t À tuX3ofgLa#c]dfe#gih�j �*��l�_3hªX "�� ¶ " « �H² �
tuZ<ofX[dfa#l�t�jkofg@Zwdsgu\Il�tudsX�df¤�l�_Ihnof^ml�ti�Ãtil(q{Zwhªgih¢^yl�tidsX�a3c]dfe�gih
j � � ¶ ��� � �­Û�¥��$# % � �Hx
§ N
JÞJPØ

U :Þhml " ^ydsX
l�oftuX�� of^yl�ti�Ãtul�tihªZyx ¶	� " � ^ydsX
l�oftuX#Z
� «¸² of^yl�ti�Ãtul�tihªZyx
U ¿ Z]Z]\�j�h l�_3o£l " � tuZ/XIdfl�dfa3l�t�jkofgI�PtCx hsx=�
l�_Ihªc]hÊh �3tuZwl�Z�o�Zwhªl�� df¤Rof^ml�ti�Ãtil�tuhªZ�l�_#o£l�t�Z8o���ofgut���Z]^`_3hª�3\#gihÊl�_3o£l8^ydsX
l�oft�X3Z/jkdfc]hnof^yl�ti�Ãtul�tihªZ
l�_3ofX " � ��
���
 )�� «´²fx

� _IhªX ��� % �H² �vtuZ8o���ofg�tu��Z]^`_Ihª�#\3gihÊ¤ dfc �­ofX3��
�� % �H² ��

)��°x � _Æ\3Z8� " t�Z8XIdfl<dfa3l�t�j�ofgCx
� _3tuZ/t�Z8o�^mgih¢o£c<^ydsX
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§ N
JÞJPØ8JPØ8Í�¨4SÆJPN�SIB � ��� q{tuX3�#\3^yl�tudsXP�
U � ofZ]tuZyÛ�:Þh�j�jkor²
U�VYX3�3\#^yl�tidsX�Zwl]hmaÞÛ :4h
j�j�o�¬
¿ ¤Fl]hªcÉh¢of^`_ À c]hmhª�3q�^`_Idstu^mhntuZ/j�of�Ih �#� hÊo£c]h guhm¤Fl��8til�_�ofXbdfa3l�t�j�tiÏªo£l�tudsX�a3c]dfe�gih
j df¤�l�_Ih
Z]oHj�hÊ¤ dfc j ofZ�l�_IhÊdfc�t À tuX3ofg@a#c]dfe#gih�j{x
� q�tuX#�3\3^ml�tidsX�dsXrl�_IhÊXÆ\�j ePhmc df¤6^`_3dstu^yh¢Z�jkof�Ih ��jkofÄÆtuX À l�_Ih À c]hªhª�Iq�^`_3dstu^yhÊo£lÂhm�Hhmc]qÕZwl]hªa
a3c]dÆ�3\3^mhªZ�l�_3hÊdfa3l�t�j�ofgËZwdsg�\Il�tidsXËx
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� ²5C�x�²�� ¿ X�of^ml�ti�Ãtil(q KYZwhªgih¢^yl�tidsX�a3c]dfe�gih
j���a3aÞxÅ³H¬	��

³f³f³Ix
� ²5C�x ¬��]zÇguh
j�h¢X
l�Z½df¤6l�_3h À c]hmhª�3q�Zwl]c�o£l]h À q
��a#aËx�³f³f³5KÈ³f³£¯

� \3a[l]d����/c]hªhª�Iqb�shªc�Z]\3Z��IqÃX3oHj�tu^*a3c]d À c�oHjÕjktuX À �
� x

�4Ó4ÔPÔ�SÆTª?¢S
E � � SÆN�Ú
AFT¢SÆT
²5C�x�²4K(¬
�4²5C�x�²4KY³Ix
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� � ¹EÂ\Ã��<¼�� � Æ<Â_Æ �<¼ � � Í � � Í � � ¶ Ì�Â�Ë
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¥T¦¨§ª©¬«®­PG d f0g�¯ t±°DtQ²>tx¯ t´³¡txµ>tx¯ tª¶�t#°¢s

· _x�#[\WY]`_xWYXxbqWewv�®d · WY]`_aW^XxbcW@wv��S�Xx�#S�bcW^[�wv�®d
} f0gi¯ tQ²3t#³�txµ|t±¯ s g��vtª¸at´¹`t#ºatQ»0s
} f0gi¯ t±°¼s g��vtE½0sut¨g¾�vt´¿¡sut¨gÁÀxtª¿�s

Â ¯ �´WqynynWq{�UÃS�[n_#Zv�¨{nWqÄ#{nWY[\WYX
y�Z-y�S�w�XÆÅ

X: <A B C A D E A F B>

Z: <A C D E A>
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LPOQJ RTSVU7WYX�y(�Èw�[\WY]`_aW^XxbcW^[�d ZvXx�ÊÉ�t#�ÈWu[nZ^��y�zxZ-y|Z�[\WY]`_xWYXxbqW } S�[|Z�bcw�Ë�Ë�w�X
[n_a�±[\WY]`_aW^XxbcWuwv��d ZvXx�ÊÉ SV� } S�[|Z�[n_x�#[\WY]`_xWYXxbqWewv�®�ªwvy�zÌd ZvX#�HÉ�¤

Í¡Î GÏ­POQJkÐ´G`ÑYM�Ò�OQ©Ó©¬OQJ9Ñ�ÔkÕ�Ñ^G`Ö×ÔkGaJkÒ7GÙØ�Ú|Û�Ü�Ý�«�Þ�OªÕ®­PGa©

ß XaÄ±_ayqÅ àá�Èw�[\W^]`_aWYX#bcWY[�d ZvXx�ÊÉ�¤
â _aynÄ±_ayqÅ à�zaWYS�{>�Vw�Xx�vWY[\y>bqw�Ë�Ë¡w�XH[n_x�#[\WY]`_xWYXxbqW�¤

¥T¦¨§ª©¬«®­PG`Ñ

X:  A  B  C  B  D  A  B

Y:  B  D  C  A  B  A

X:  A  B  C  B  D  A  B

Y:  B  D  C  A  B  A

Y:  B  D  C  A  B  A

X:  A  B  C  B  D  A  B
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Â ß y|zxZv[|Z�XxS�bqW��a�ÃXxZ7Ë�S�b@Äx{nwv�v{�Z7Ë�Ë�S�Xx��[\w���_xy�SVw�XÆ¤

Â ß y|S�[3Z�U�WY{n� _x[\Wq� _x�¨Zv�V�vwv{�SVy�zªË ¤

� «�«®­ LPÒ7§aM�LPOEJ
RTSVU7WYX�y(�Èw�U7Wq{�[nSVw�X#[�wv��Z�Ä#{nwv�v{�Z7Ë ��w
bqZ-ynW y�zaW�b�z#ZvXa�vWY[áy�zxZ-y|zxZ-Ä#ÄªW^XaWY�Ì�P{nw�Ë y�zxW

 {�[\y�ynw�y�zxW�[\WYbcw�X#��U�WY{�[nSVw�XÆ¤

Ü OQ­ Ô¨M
LPOQJ
¶®S�Xx�Ìy�zaW��K² · wv��y�zxWuy���w�Ä#{nwv�v{�Z7Ë�[c¤ à�zaWuynWc�ayáy�z#Z-y�S�[3Xawvy�Ä#Z-{ny|wv��y�zxW��®² ·
{nWqÄ#{nWY[\WYX
y�[�y�zxW�Zv�x�xS�y�SVw�Xx[��
�xWY�VWYy�SVw�Xx[�Ë�Zv�aWu��{nw�Ë y�zaWuw�XaWuU7Wq{�[nS�w�X�ynw�y�zaWuwvy�zxWq{q¤
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� Õ�ÞmÔ¨M^G���� OªÞ�Ò7G §x«�«�Þ�Oª§#Ò Î

Â �¨Wqy��Ó�´Wuy�zaW�[\Wqy�wv�KZv��� Äªw�[n[nS��#�VW�[n_x�#[\WY]`_xWYXxbqWY[áwv��d ZvXx�ÊÉ�¤
Â ²�zxWYb���Zv���kwv��y�zaW
Ë ynw 
 X#�Hy�zxW@�Vw�Xx�vWY[\yTbcw�Ë�Ë¡w�XH[n_a�±[\WY]`_aW^XxbcW7¤

� ÔkG`ÑYM
LPOQJ �>w�����Z-{n�vW S�[�� �

� JkÑ!�¡G`Þ �kWqy ��f¾Ë�S�X#"%$'&!(*),+	" d.-�l/$0&213(�),+4" É5-,-�¤�àázxWYXÆt768�96-f¾½ � ¤

à�zxS�[DË�Z:�vW^[�y�zaWu�x{�_xynW<; �Pwv{�bcW�Z-Ä#Äx{nw�Zvb�zHS�XxW<= bYSVWYX
y?>
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LPOQJ
�¨WYyád f0g hkj-l�hEo`lcpqpYp+l�h r s ZvXx� É f0g��ajvl��7o`lcpqpqpcl��	� su¤
³DW^XawvynWu�`��d���y�zaW�[n_a�±[\WY]`_aW^XxbcW@d���f0gÁhkj-lnhEo�lYp+pYpql\hE� s
ZvX#���`� ÉQ��y�zaW�[n_x�#[\WY]`_xWYXxbqW@ÉQ��f0g��aj-l��7o�lYp+pYpql��7� su¤

�¨WYy�

� �nl����¨�´Wuy�zaW��VW^Xa�vy�zÌwv��y�zxW��®² · wv��y�zaW�[\WY]`_xWYXxbqWY[�d��ÈZvXx�HÉ#£Ã¤� W�Z-{nW�S�X
ynWq{nWY[\ynW^�HS�XÊbcw�Ë¡Ä±_ay�S�Xx��

���Ïl,1�� ¤
� W�bYZvX��á{�S�ynW�y�zxWu{nWYbq_x{n{nWYXxbqWT{nW^��Z-y�SVw�X Å


� �nl����Æf

��� �� � SV�Ù�®f � wv{ � f �

� ��� �vl(���Á�����9� SV�Ù�nl(�¡s � ZvXx� hE�Kf ��£
Ë�Z�� "!
"� ��l �#� ��� l�

� �$�i�vl���� - SV�Ù�nl(�¡s � ZvXx� hE�&%f ��£

� ÔkG`ÑYM
LPOQJ S - ß [|y�zaW�Z-�´w
U7Wu{nWY��Z-y�SVw�X bqwv{n{nWYbcy��
S�S'- �>w�� �xS��H��W�Z-{n{�SVU7Wuynw�S�y��

� JkÑ!�¡G`Þ S -('eµ ·
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S�S - 
"� ��l ��� f

��� �� � SV� �Kf � wv{ ��f �

� �+� �vl(���Á���,�¼� SV� ��l(�)s � ZvXx� hE��f-��£
Ë�Z��#"!

� �nl��#� ��� l�

� ��� �vl(��� - SV� ��l(�)s � ZvXx� hE�.%f-��£

Â SV�Á��f � wv{¢�0f � Å¯áy>�VW^Zv[\y|w�XaW�[\W^]`_aWYX#bcW@S�[�W
Ë�Äxy(��¤Kà�z`_x[ct#y�zaWew�X#�V��bqw�Ë�Ë¡w�XH[n_x�#[\WY]`_xWYXxbqW�S�[�y�zxWuW
Ë¡Ä#y��
w�XaW " �aW^XawvynWY� �`�0/<-�¤

Â SV�Á�nl(�¡s � ZvXx� hE�Kf ��£`Å
gihkjmlnhEo
lqpcpqpql\hE�21 j l\hE� s

f
g3� j l�� o lqpqpcpql*��£41 j l���£¡s

576 � " d��&lnÉx£�-�f 576 � " d��21 j l�É#£41 j -98ÓhE�
f;: 

� �nl����Æf-

� �+� �vl(�#� �������
"<8 �xWYXawvynW^[á[\yn{�S�Xa� bcw�X#bqZ-ynWYX#Z-y�SVw�X�-

Â SV�Á�nl(�¡s � ZvXx� hE�&%f ��£`Å
gihkjmlnhEo
lqpcpqpql\hE�21 j l\hE� s%f
g3� j l�� o lqpqpcpql*��£41 j l���£¡s

576 �=� d��nl&Éx£>� f
��� �� 576 �=� d��nl&Éx£?1 j �wv{576 �=� d��21 j l�É#£>�

f;: 

� �nl����Æf¢Ë�Z��#"!
"� ��l �@� ��� l�
"� �;�i�vl���� -
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Â ß XHy�zxW@bqZv[\W �|zaWq{nW@y�zaW0½�[n_x�#[\WY]`_xWYXxbqWY[�zxZ
U�WuXaw�bqw�Ë�Ë¡w�X�[n_a�#[\W^]`_aWYX#bcWY[�" �´WY[nS��xWY[ /<-�t#y�zaW
Zv�V�vwv{�S�y�z±Ë �|S����¨y�Z:��WuW+�aÄ´w�XaWYX
y�S�Zv�Æy�S Ë¡W�¤

¥T¦¨§ª©¬«®­PG ³e{�Z^��y�zaW��\{nWYbY_a{�[nSVw�XÌ�v{�Z-Ä#z����Pwv{ 6 � ¸al�À4� ¤
c[0,4]

c[0,3]

c[0,2]

c[0,1]

c[0,0]

c[1,4]

c[1,3]

c[1,2]

c[1,1]

c[1,0]

c[2,4]

c[2,3]

c[2,2]

c[2,1]

c[2,0]

c[3,4]

c[3,3]

c[3,2]

c[3,1]

c[3,0]
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LPÑ^G ² w�Ë�Ä#_aynWuy�zxW�X`_±Ë �´Wq{Bwv��y�S Ë�WY[�y�z#Z-yáy�zxWuÄx{nw
bqWY�x_x{nWu��z#S�b�zHbcw�Ë�Ä#_aynW^[ 

� �nl����
S�[>S�X
U7w*�vW^�H�x_a{�S�Xa��y�zxW�bcw�Ë¡Ä±_ay�Z-y�SVw�XÌwv� 

���Ïl 1�� ta�|zaWY{nW � � � � �Ïl � � � � 1®¤

Â â �`UÃSVw�_#[n�V��tª�ÈW@z#Z^U7Wew�U7Wq{���Z-Ä#Ä#S�Xx� [n_a�xÄ#{nwv�#�VW�Ë�[�y�z#Z-yáy�zxWu{nWYbq_x{�[nSVU7W�Zv�V�vwv{�SVy�zªË �|S����
[\w��VU7W0[\WqU7Wq{�Zv�Qy�S Ë�WY[c¤
" à�zaWu{nWYbY_a{�[nSVU7W�Zv�V�vwv{�S�y�z±Ë �|S����¨y�Z:��W@Z-y>��WYZv[\y|Wc�aÄªw�XxWYX
y�S�Zv� y�S Ë�W�¤ -

� Õ�Ñ^G`Þ>�±§aM
LPOQJ � W�bYZvX�WYZv[nS����Ìbcw�Ë¡Ä±_aynW 

���Ïl,1��×S�XÌZ��ªwvynynw�Ë ; _xÄÌ� Zv[nzxSVw�X ¤
" ¶®S�����Ë�Z-yn{�S � 
TS�XÌZ�{nw
� ;(Ë�Z��\wv{á� Zv[nzxSVw�X �P{nw�Ë �VWY�Py�ynw�{�SV��z
yq¤ -
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� O´Þ ��f ��M^O � � O 

� �nl � �Æf �� O´Þ���f ��MYO 1 � O 

� � l����Æf �� O´Þ ��f ��M^O � � O

� OªÞ��0f ��MYO 1 � O
L �>hE��f-��£

M Î GaJ 

� �nl ���Æf 

� �$�i�vl��@�Á�����¼�
��� �nl����Æf �

Ga­PÑ^G L �.

� �+� �vl������ 

� �nl ���i���
M Î GaJ 
"� ��l ��� f-

� �+� �vl ���

��� �nl����Æf �
Ga­PÑ^G 
"� ��l ���Qf 

� �nl��#�i���

��� �nl����Æf �
Þ�G
M
ÔkÞ-J 
ml��

�ÊO±M^G � Z-yn{�S �	�TS�[>_x[\WY��ynw�{nWYbcw�U7Wq{Èy�zxW�bcw�Ë�Ë�w�XH[n_a�#[\W^]`_aWYX#bcW�¤
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� ÔkG`ÑYM
LPOQJ�� � z#Z-y�S�[>y�zaWey�S Ë¡W�bcw�Ë�Ä#�VWc�xSVy(� wv� �K² · " -,�
� JkÑ!�¡G`Þ�� � "!� 1	-
� ÔkG`ÑYM
LPOQJ�� �>w�� Ë0_xb�z y�S Ë¡WuS�[>{nWY]`_#SV{nWY� �Pwv{>bqw�Xx[\yn{�_xbqy�S�Xa��y�zaW��®² · �P{nw�Ë Ë�Z-yn{�S � 
2�
� JkÑ!�¡G`Þ�� � "!� ��1	-
� ÔkG`ÑYM
LPOQJ�� � z#Z-y�S�[>y�zaW@[\Ä±ZvbcW {nWY]`_xS�{nW
Ë¡W^X
yÈwv� �®² · " -,�
� JkÑ!�¡G`Þ�� � "!� 1	-
� ÔkG`ÑYM
LPOQJ
	 ²ÈZvXÌ�ÈW@S Ë¡Äx{nw�U7Wuy�zaW�[\Ä#ZvbqW�bcw�Ë¡Ä±�VW+�xS�y�����wv{|y�zaW�bYZv[\Wu��zxWq{nWu�ÈW â�� � '
��ZvX
y�ynw�bqw�Ë¡Ä#_xynWey�zaW���WYXa�vy�zÌwv��y�zaW��K² · �
� JkÑ!�¡G`Þ�� '�W^[ > â X#�V� y(�Èw�{nw���[�Z-{nW0XaWqW^�aWY� ¤

f;: � "�Ë�S�X	"!�Ïl,1	-,-�[\Ä±ZvbcW�¤
�ÊO±M^G
� � W�bqZvXxXxwvy|yn{�ZvbcW@w�_a{>[\ynWYÄ#[��±Zvb���ynw�{nWYbqw
U7Wq{�y�zaW��®² · ¤
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� G`§ � L JkÐ�� §aM^G`ÞmLP§ª­
� �qºa¤ ¸ �,�¨w�Xa�vW^[\y>bcw�Ë�Ë¡w�XH[n_a�±[\WY]`_aW^XxbcW �)ÄxÄ ¤�¸a�cÀ ; ¸a�q¿a¤

ÜkÔkÐ´ÐªG`ÑYM^G � ¥T¦¨G`Þ�Ò
LPÑ^G`Ñ
�qºa¤ ¸�;&�vtk�qºa¤ ¸�;(½`tk�qºa¤ ¸�; ¸atk�qºa¤ ¸�; Àxtk�qºa¤ ¸�;(¹`¤
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GIHKJ:LKMON P QSRUTWV,X
MYR[Z]\SZATW^YRU_`MYR[ZaVb^�cdJ:Xfe g hIikj0l)m)Q�TnM�XocpQqR[TWV,X
MsrtLAH#_`M�TWu,Hv N,l w xzy{ LKMYJ:LKM |#ub^}R[~,R[^Y��J#cbTW^>ubr�~DRO^YM�T�_`R[����j��s�zi c��YXKub^YMYR[�0M>J#cdM�X�r�^Yu�� ��MYu��:y
�5���E�����D�K������� � ^YRUcdMYR�M�XKR��0M�cd�#�nR�ubr�Z#Tn�0M�cbHA_OR[�Y�s� ROM(QSRORUH¡M�XKR�_OTWM�TnR[��ubrkc¢^Yu,cbZ�cdM���cb�`y
� £���¤¥�E��¦z�:��§ �©¨d�ª�
«�¤¬®­�¯ � ¯±°K² ³F²t² ´�°µ¯�­d¶ hIe·j v m¸I� ¨�¦µ�A�d« ���zishIe�m>¹ �º®L#H�» ¯t¼,½K¶`¾(­�° hImSQ®TWM�X���cb��M�XAR��0u,LK^�_`R�~DRO^YMYR`¿
À)�Á¤¥�E��¦
Â��ª�ÄÃ Å TnHAR[cd^®cd^Y^�cU�ÆTÇ�ÈJ:�WR
�¢R[H
M�cdM�TWu,H]NSÉÈhIi·Ê,mË�T�HAcd^Y�ÌXAR[cdJ�TÇ�¢J#�WR��ÈR[H
M�cdM�Tnu,HÍN�ÉÈhIi�lÎ�WubV®i)m
Ï �:�U¦ Ð R�Q®Tn�n�Ñu,HA�W�ÌVbROM�M�XKR�_`ub^Y^YRU_`M�^YR[�YL#�WM��®TnrEcb���ÒQSRUTWV,X
M���cd^YR�HKu,HµÓIHKR[V,cdM�TW~DR,y
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� ¹ Ã��Ñ�©¤Î���Õ��¨��©§ ¨��:¤Î¤Î���Ñ§<�A����¨�� �A�d«

ÖÈ× «Ñ¦Õ£[�U¨3ØÑ�,�
ØÑ¨�¦p�©¸>�¥£�«Ñ� ¨U�U¦µ£[�¢���K�
«� u,HA�YTnZARO^ÙM�XKR��YXKub^YMYR[�0M>J#cdM�X�r�^Yu�� ~DRO^YMYRÚ¿ ¯ MYu�~DRO^YMYRÚ¿ ¼ Q®XATn_ÛXÌJ:cb�Y�0R[��u,H#�W�5M�XA^Yu,LKV,X~DRO^YM�Tn_OR[��TnHÌM�XKR��0R[MFÜDÝbjÛÞµj[ßÚß[ßOj ½#àDá
k

i j

P
P1
2

all intermediate vertices in {1,2,...,k-1} all intermediate vertices in {1,2,...,k-1}

P: all intermediate vertices in {1,2,...,k}

Ö � ¨�¦µ�
ØÑ¨
£��ªâ�¦z£U�Á��ØÒ�
���Á�Ï �:�U�K�
���Á� ã:ä�ådæç(èêé gÙM�XKR�QqR[TWV,X
M�ubrEM�XKR��YXKub^YMYRU�0M®J#cdM�XÌrt^Yu�� ¯ MYu ¼ Q�X#Tn_ÛXÌJ#cb�Y�0RU�>u,HA�W�M�XA^Yu,LKV,X�~,R[^YM�Tn_`RU��TnHpÜDÝbjÄÞµjOß[ßOß`j ½:à y
ã:äëå3æç(èìé g

íîï îð v ç(èêé TWr ½ g/ñ
��TnH�h ã:äëå�ò�óÄæç(èìé j ã©ä�å�ò�ó%æç(è å ô ã©ä�å�ò�ó%æå èêé m TWr ½öõ Ý
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	 g ­
� v ¶ h � mã ä��Oæ g �¸I� ¨ ½ g Ý �U� 	 ¹ �¸I�©¨ ¯ g Ý �[� 	 ¹ �¸I�©¨ ¼ g Ý �[� 	 ¹ �ã©ä�å3æç(èêé g �¢T�HÒh ã:äëå�ò�óÄæç(èìé j ã:äëå�ò�óÄæç(è å ô ã©ä�å�ò�ó%æå èêé m¨�¦
�
ØÑ¨d� ã ä�
#æ
× ��¤¥¦�� £U���#�,¦z�D�Á¤¥�E��¦
Â��ª�%Ã�� ÉÈhIi Ê m
Ï �:�U¦�� � XKR��0J:cb_`R�_`u��¢J#�WR`¿ATWM(�ö_OcbH��©R�^YRUZALA_OR[Z¡MYuÌÉÈhIi��DmÄy��
TÇ�¢J#�W�Ìub�#�0RO^Y~DR M�X#cdM>TnHM�XKR�_Ou��ÈJ#LAM�cdM�TWu,H�ubr ã ä�å3æ QSR u,HA�W�ÆLA�0R ã äëå�ò�óÄæ y
Ï �:�U¦�� � XKR�� ²���� ã � °µ­d¶��#°K² cb�WVbub^�TnM�X:� QSub^��µ��u,H#�W�5rtub^}Vb^�cdJ:XA�>Q®TWM�X �Ñ�a�Ñ¦µ§©�A�
�ªâ�¦� ¦K��§Á« �s�,ÃÑ����¦µ£ y>h Ð X
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Ö G±r�M�XAR�_`u,�0M�ubr�M�XAR�J#cdM�XÌr�^Yu�� ¯ MYu ¼ T��®HKubM�� M�XAR[H h ¯ j ¼ m7��l��©y

���������
	�	
��������������������� � !#"%$&��'��(")�%� �+*��
� £���¤Î�����A¨5�©��§©� ¨d�ª�
«�¤
¾ ä��[æç(èêé g � ñ TWr ¯��g ¼ cbH#Z h ¯ j ¼ m�� �)lÝ TWr ¯ g ¼ ub^ h ¯ j ¼ m7��l ¾ ä�ådæç(èêé g ¾ ä�å
ò ó%æç(èêé � h ¾ ä�å
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@BADCFEHGICKJMLNCPORQTSUCVEWJ�XYLNZ\[#]^C
_ ` J\EYaWJ\EbJ\]TO\Z\L�QTc�Ad_ e c�A#JMc�fgZR]^SRCFfh`jiDGICPGkJ\E
clcNZ
m EDZ�GPnporq�sut\vxw�y\z|{~}���� e }~�����%�|s|}��Yy�s�s,{r��v��ut\vxw�y\z|{~}���� �,y\z�`��U�

��ZRfNfNQ^[#]TCuQ�_uX#LNZ
SUC
_�CVE
c�f�ZREbe _�J
��[�CRn

��� CFaY�Y��c�QTZREHZ\��LNCV���YQ^LNCVaHc�Q�_�CR�

��� CFaY�Y��c�QTZREHZ\��LNCV���YQ^LNCVaWfgX#J\��CR�

@5CPGkJ\E
c�J�c�ADC�Z\LNC�_ Z\��c�ADCP��Z\L�_ n
o¢¡�v~v�t\vxw�y\z|{~}����us��,yRz��dz�y
��v£��� ` �#t\¤��j¥�yR�¦��v£�&§\{�}r¨ © ªr«­¬I®°¯7ªr«­¬,±��

�u² �¢�YEY��c�QTZRE³¯7ªr«­¬IJMXYX�CVJML�Q^EYO�Q^EbfN�Y�|AWJ�c�ADC�Z\LNC�_ Q^fh�VJ\]^]TCFapJHv�y\´I��zu��y\µD¶¸·¹ZREHc�ADC
��Z�_�X#]TC�ºYQTc(��Z\��X#LNZ\[#]TC�_ `j�

�u» ��c�ADC�LNCPC�ºYQ^fgc�fhJ\EWJ\]^O\Z\L�QTc�A�_ �~Z\L¼` Z\�½��Z�_�X#]TC�ºYQTc(�W¯7ªr«­¬�i#c�AYJMchJ\]TO\Z\L�QTc�Ad_ Q^f)y��d}¾{~�¿t\vT�
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ÁuÂ7ÃÅÄ5ÆÈÇ�ÃDÉÊÆ�ËhÌUÆÍÄ5Î�ÏÈÐVÑDÐ�Ò~Æ¸ÓÔÄ�Ï7ÕVÐjÖ�ÃØ×uÃDÉ¢ÉÊÇ�Ã
Ù½Ó7Ã�Ç

» c>_2�#fgcl[�CK��]^CVJML�G�A#JMc¼Q^fhc�ADC2_uZ�aDCV]ÚZ\�Û��Z�_�X#�Dc�JMc�Q^ZREWGÜCKJ\fNfN��_uC GhADCVEWJMLNL�Q^S�Q^EDO¿JMc¼J
]TZ�GICVLl[�ZR�YE#aÝ�

��Þ ADCPGÜJ
�¿GICKJ\�V��CVfNf�aYJMc�J�_2�Yfgc�[dCKaYC,ßdEYCVaàª¢L�J\EYaYZ�_ J\�V��CVfNflS�f�fgCV���DCFE
c�Q^J\]ÈJ\����CFfNf%¬��

��Þ ADC¦X�ZRfNfNQT[�]TC2Z\X�C�L�JMc�Q^ZREYf�ZREHc�AYC¹aYJMc�J�_2�Yfgck[�C¹aDC�ßdEDCFaÅª¢c�ADCPQ^EYfgcNL��#��c�QTZREbfgC�ch�YfgCFaá[��
c�ADCKJ\]^O\Z\L�QTc�A�_�¬��

â>ã ÑdÄ5Î�É~Ã
² fNfN��_�C JäfgZ\LNcNCVaW]^Q£fgc�Z\��CV]TC�_uCVE
c�fkQ£f¼ZREWJjc�JMX�CPc�AYJMc¼�VJ\EH[dCKJ\�V��CVfNfgCFaWfgCV���DCFE
c�Q^J\]^]^�Ri�c�AYC
c�JMX�C AYCVJ\aWQ^f¼Q^EYQ^c�Q^J\]^]^�bJMc¼c�ADC¦[�C�ORQ£EYEYQ£EDOáZ\��c�ADCPc�JMX�CRi�J\EYapc�AYJMc�CV]TC�_uCVE
c�JMLN�¿Z\X�C�L�JMc�Q^ZREYf
JMLNCRn
å ��æWç�è
é ê#éFë�ì¸ªrì�í�î�éFï,ð(íñç�«­¬ ªrì
í�î�éFï|ð�í�çM«³Q£f�CVQ^c�ADC�Lhò�éM¯YðIZ\Lhó<í¾ô�êYð&¬
õ ��ï�ç�æjö�ë�î
é
ª�÷�éFø#¬ ªr��Z�_uX�JMLNCVf¼÷
éFø G�Q^c�AHCV]TC�_uCVE
cl�#EYaDCVLlc�AYCPc�JMXdC�ùñAYCVJ\a�¬
ú �<Ò~Ë�ûN��ZREYaYQ^c�QTZREYü�Ð
Â7ÃDÓ û�ýg��_�X#ü

² fNfN��_�CKc�A#JMclCFJ\�|AHCV]TC�_uCVE
c�JMLN�¿Z\X�C�L�JMc�Q^ZREbc�J m CVf>þuª å ¬Ic�Q�_�CR�
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�u² cNL�Q^S�Q^J\]7]^Z
GÜC�L�[dZR�#EYab��Z\LjûNfgCFJML��|AYü��#EYaDCVLlc�A#Q^f�_�Z
aDCF]ÝQ^f��¹ªr«­¬��

» ��c�ADC2÷�éFø Q£f�c�ADCK]£J\fgchCV]^C
_uCFE
clQ^Epc�ADCK]^Q£fgc�i�GICPAYJ
SRCPcNZjC,ºDCF���DcNCPJMc�]^CVJ\fgc¼«�� å
æWç�è
é ê#éFë�ì¸ªrî
í�ô
ê#ð&¬�fgc�JMcNC�_uCVE
c�f��

� Ï7Ã�ÕVÐ
Ò~ÆÍÓ » ���¹ªr«­¬ÜQ£fhJ�]^Z
GÜC�L�[dZR�#EYapZREHc�ADCKfgCVJML��|A#Q^EDOäXYLNZ\[#]^C
_ �~Z\L�c�ADC2_uZ�aDCV]Ýfgc�JMcNCFa
JM[�Z
SUCRi#GhA
�áQ^c�Q£f�X�ZRfNfNQT[#]^CucNZjA#JFSUCKJ\EØþuªr]TZ\Ok«­¬ÜJ\]TO\Z\L�Q^c�A�_ ªrJ\fh[#Q^E#JMLN�áfgCFJML��|A�¬	�
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ÜCF��J\�YfgCPc�AYC¦[#Q£EYJMLN�HfgCFJML��|AWJ\]TO\Z\L�QTc�Ad_ Q^f¼aDCVfNQ^OREDCVap�~Z\L�JuL�J\E#aDZ�_ J\����CFfNf
_�J\�|A#Q^EDC¿ª �¼²�� ¬�� ² aYQ��¸CVLNCVE
c>_�Z
aDCF]ÍZ\����Z�_uX#�Yc�JMc�QTZRE��

@BAYCVE³GIC�fgc�JMcNCäJW]TZ�GICVLP[dZR�#EYaÅ��Z\LKfgZ�_uC�X#LNZ\[#]TC�_ iÈGIC¿_2�YfgcPJ\]^fgZØaYCVfN��L�Q^[dCäc�ADC
_�Z
aDCF]ÍZ\����Z�_uX#�Yc�JMc�QTZREb�YEYaYC�L�G�A#Q^�|AHc�ADCK]^Z
GÜC�L�[dZR�#EYapGÜJ\fhaYC�L�QTSUCVaÚ�
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� @BADCVEHc�AYCKQ^EDX��Dc�Z\��J�XYLNZ\[�]TC
_ Q^fhZ\�ÛfNQ���C2«�i#GICKEDCVCVa JMc�]TCVJ\fgc�«³fgcNCVX#f�cNZäLNCVJ\aHc�ADCKQ£EDX#�Yc��
�¼Z\cNCRn » EpfgCVSRCVL�J\]Ý��J\fgCVflGICKJ\fNfN�d_uC c�AYJMc�c�ADCKaYJMc�JäJMLNCKJ\]TLNCVJ\aY�HfgcNZ\LNCVaWQ£E _jJ\Q^EØ_uC
_�Z\LN�R�

� @BADCVEHc�AYCPZR�DcNX#�YclZ\�½J�XYLNZ\[#]^C
_ ��ZREYfNQ£fgc�f�Z\��¯7ªr«­¬�XYL�Q�_jQTc�QTSUCPCV]^C
_uCFE
c�f�iDc�ADCVEHGÜCKEDC�CFa JMc
]TCFJ\fgc��¹ª ¯7ªr«­¬N¬�c�Q�_uCPcNZäLNC�X�Z\LNcKª¢ZR�YcNX#�Dc|¬Üc�ADC
_H�

â>ã ÑdÄ5Î�É~Ã�Õ
� Z\LNc�Q£EDO �¹ªr«­¬Ü]TZ�GICVLl[�ZR�YE#aÝ�
� JMcNL�Q ºb_2�Y]^c�QTX#]£Q^��JMc�Q^ZRE �¹ªr«��U¬�]^Z
GÜC�L�[dZR�#EYaÝ�
� Q£EDOR]TC�ùñfgZR�YL���C)fNAYZ\LNcNCVfgchX�JMc�AYf �¹ª �"!#�x¬Ê]TZ�GICVLh[�ZR�YEYaÚ�
² ]^]�ù�X�J\QTL�f<fNADZ\LNcNCVfgc¼X#JMc�AYf �¹ª �"!#� � ¬I]TZ�GICVLl[�ZR�YE#aÝ�
� Q^E#Q�_2��_ fgX�J\EYEYQ£EDO¿cNLNC�C �¹ª �"!#�x¬Ê]TZ�GICVLh[�ZR�YEYaÚ�
$Êc��u�����
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Æ�Ö�É~ÃDÄ ��Q^EYapc�ADCPfN��_ Z\�Û«5E���_ [�C�L�f��

ÁuÂ7Ã�Æ ��ÃDÄ ��Q^E#aYQ^EYO¿c�ADCKfN��_ Z\�Û«àE���_ [�C�L�fÜLNCV���#QTLNCVf��¦ªr«­¬�c�Q�_�CR�
� �
ÆÈÆ�Ë ª » E
c��#QTc�QTZREÚn�c�ADC¹J\]^O\Z\L�QTc�A�_ _2�YfgckC,ºYJU_jQ^EDCPJ\]^]ÚCV]TC�_uCVE
c�fÜZ\��c�AYCKQ^EDX��DchQ^EpZ\L�aDC�LkcNZ
ßdE#aWc�AYCVQTLhfN��_�¬��

�u² fNfN��_uC c�AYJMc�c�ADCVLNC¹Q^f�J\EWJ\]^O\Z\L�QTc�A�_ c�AYJMc¼aYZ�CVf¼EDZ\c�C,ºYJU_�Q£EDCKJ\]^]ÚCV]^C
_uCFE
c�f��

�uÞ AYCKJ\aDSUC�L�fNJMLN�áGÜJMc��|ADCFflJ\E#aÝi#G�AYCVEHc�ADCKJ\]^O\Z\L�QTc�A�_ cNC�L�_�Q£EYJMcNCVf�iYQ^c>_uZ�SUCVfkQ^EbJ\EYab�|AYJ\EYO\CVf
J\Eb�YEDC�ºYJU_�Q^EYCVaHCV]^C
_uCFE
c��

�u» ��c�ADCKJ\]TO\Z\L�Q^c�A�_ Q£f�L��YEbJMORJ\Q^EÚidQTc¼G�Q£]^]ÈORQ^SRCPc�AYC¹fNJU_uC LNCVfN�#]TchfNQ^EY��C Q^c¼aDZ
CVfNE	�xchfgC�CPc�AYC
�|AYJ\EYO\CR� 
k�Dc�i#c�ADCPcNL��DC¹LNCVfN�Y]^c¼AYJ\f¼�|AYJ\EDO\CFaÝi�J\EYaHc�A��Yf�i#c�ADCKJ\]^O\Z\L�QTc�A�_ Q^fhQ£EY��Z\LNLNCF��c �

� ZYi�J\E
� ��Z\LNLNCV��c�fN�d_�_�JMc�Q^ZREpJ\]^O\Z\L�QTc�A�_ C,ºYJU_�Q£EDCVflC�SUC�LN�äCV]TC�_uCVE
clJ\E#apfgZ¿Q^f �¹ªr«­¬��
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 ÆÈÇ�ÃDÉIÆ�ËhÌUÆ¸Ä5Î�ÏÈÐFÑDÐ
Ò~ÆÍÓ

� � J\EYaDZ�_ J\����CVfNf¼_�J\�|AYQ£EDC¿ª �h²�� ¬��
��� E#]T�H��Z�_uX#JML�Q£fgZREYf�[�C�c(GICVCVEáCF]TC
_�CVE
c�f�JMLNCKJ\]^]TZ�GICFaÝ�

�u² ]TO\Z\L�QTc�Ad_�f¼�~Z\L¼c�ADC¹JM[�Z�SRC2_�Z
aDCF]ÚJMLNCK�VJ\]^]TCFa o(¥�y\�¹�Yt\z|{ sVy\¶ s�yRz|}�s��,�

� @5CK��J\EHS�Q^C�G c�AYC
_ J\f)·���¥�{ s|{ryR¶³}¾z��%�|s|n

a2a1 :

a2 a
3:

a1 a
3: a2 a

3:

a1 a
3:

1, 2, 3

1, 3, 2 3, 1, 2

2, 1, 3

2, 3, 1 3, 2, 1

� Æ�ÐFÑDÐ
Ò~ÆÍÓ

a : b

  

» E
cNC�L�EYJ\]ÈEDZ�aDCR��ëáQ^f���Z�_�X#JMLNCVa G�Q^c�A��F�

�ÈCVJM�(� » c>��ZRE
c�J\Q£EYf>c�ADC ZR�DcNX#�Yc>Z\� c�ADC2J\] ù
O\Z\L�QTc�A�_H�
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SRC>JMc
]TCFJ\fgc¼« ��]TCVJ
SUCVf��

Þ ADCK]TCFEDO\c�ApZ\��c�ADCK]TZREYO\CVfgchX�JMc�AW��LNZ�_ c�ADCPLNZ�Z\c¼Z\��c�ADCKaDCF��Q^fNQ^ZREbcNLNC�C¹cNZäJ\E
�¿Z\�
QTc�f¼]TCVJ
SUCVflLNC�XYLNCFfgCVE
c�fÜc�ADCPGÜZ\L�fgc¼��J\fgCKE��d_ [dCVLkZ\����Z�_uX#JML�Q£fgZREYf¼c�ADCPfgZ\LNc�Q^EDO
J\]TO\Z\L�Q^c�A�_ X�C�LN��Z\L�_�f��

� Ñ#Ì\ÐFÕ
å � ² [#Q^E#JMLN� cNLNC�CPZ\�ÛAYCVQTORA
c<êpAYJ\f¼JMc¼_�ZRfgc õ�� ]TCVJ
SUCVf��
õ ��« ��� � « é��	�
é�
 õ
����å��Uõ��������
Þ ADCP�~Z\L�_2�#]^JjQ^fhaYC�L�QTSUCVaH��LNZ�_ � c�QTL�]£Q^EDO � f�JMX#XYLNZFºYQ�_�JMc�Q^ZREÝn
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_�CVE
c�fkAYJ\f¼ADCVQ^ORA
c��¹ªr«¦]TZ\Ok«­¬��
� �
ÆÈÆ�Ë �ÈC�clfN�#�|AWJjcNLNC�CPAYJ
SRCKAYCVQTORA
c�êÈ� Þ A��Yf�i
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After step 3
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