Fundamentals of Reliability Engineering and
Applications



Reliability Engineering
Outline

Reliability definition
Reliability estimation
System reliability calculations



Reliability Importance

One of the most important characteristics of a product, it is a
measure of its performance with time (Transatlantic and
Transpacific cables)

Products’ recalls are common (only after time elapses). In
October 2006, the Sony Corporation recalled up to 9.6 million
of its personal computer batteries

Products are discontinued because of fatal accidents (Pinto,
Concord)

Medical devices and organs (reliability of artificial organs)



Reliability Importance

Business data
Table 1. Warranty Claims Paid by U.S. Manufacturers

Company 2006 ploaims 2005 cljclims
$ Million $ Million
General Motors Corp. $4,463 $4,696
Ford Motor Co. $4.106 $3,986
Hewlett-Packard Co. $2,346 $2,353
Dell Inc. $1,775 $1,521
Motorola Inc. $891 $716
IBM Corp. $762 $831
Caterpillar Inc. $745 $712
General Electric Co. $665 $699
Deere & Co. $509 $453
Whirlpool Corp. $459 $294
Boeing Co. $206 $146
Textron Inc. $167 $149

Warranty costs measured in million dollars for several large
American manufacturers in 2006 and 2005.
(www.warrantyweek.com)




Some Initial Thoughts
Repairable and Non-Repairable

Another measure of reliability is availability (probability
that the system provides its functions when needed).

4 Maximum Reliability level

Reliability




Some Initial Thoughts
Warranty

Will you buy additional warranty?
Burn in and removal of early failures.

(Lemon Law).
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Reliability Definitions

Reliability is a time dependent characteristic.

It can only be determined after an elapsed time but can be
predicted at any time.

It is the probability that a product or service will operate
properly for a specified period of time (design life) under
the design operating conditions without failure.



Other Measures of Reliability

Availability is used for repairable systems

It is the probability that the system is operational at
any random time t.

It can also be specified as a proportion of time that
the system is available for use in a given interval
(0,T).



Other Measures of Reliability

Mean Time To Failure (MTTF): It is the average

time that elapses until a failure occurs.

It does not provide information about the distribution
of the TTF, hence we need to estimate the variance
of the TTF.

Mean Time Between Failure (MTBF): It is the
average time between successive failures.
It is used for repairable systems.



Mean Time to Failure: MTTF

MTTF = jo‘”tf (t)dt = jo‘” R(t)dt

2 is better than 1?

Time t
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Mean Time Between Failure: MTBF

TTF

TTR

TBF

Time

il



Other Measures of Reliability

Mean Residual Life (MRL): It is the expected remaining life, T-t,
given that the product, component, or a system has survived
to time t.

L(t)=E[T —t|T >t]—()j2'f (r)dr —t
Failure Rate (FITs failures in 10° hours): The failure rate in a
time interval [ {}HE the probability that a failure per unit
time occurs in the interval given that no failure has occurred
prior to the beginning of the interval.

Hazard Function: It is the limit of the failure rate as the length

of the interval approaches zero.
$h2



Basic Calculations

Suppose n, identical units are subjected to a
test. During the interval (t, t+At), we observed
n«(t) failed components. Let n (t) be the
surviving components at time t, then the MTTF,

fallure density, hazard rate, and reliability at

. . Zti
time tare: wmr-5° fy="0
Ny NyAt
_n®

A= n, (t)At’

R(t)=P(T >t)=n:]—(t)

i



Basic Definitions Cont'd

The unreliability F(t) is
Ril= QR

Example: 200 light bulbs were tested and the failures in

1000-hour intervals are

Time Interval (Hours) Failures in the
Interval
0-1000 100
1001-2000 40
2001-3000 20
3001-4000 15
4001-5000 10
5001-6000 8
6001-7000 7
Total 200

14



Calculations

Time Interval | Failures
(Hours) in the
interval
0-1000 100
1001-2000 40
2001-3000 20
3001-4000 15
4001-5000 10
5001-6000 8
6001-7000 7
Total 200

Time Failure Density |Hazard rate
Interval f(t) x10™ h(t) x 10
100 100 5
0-1000 | 3p0x10° ~°° |200x10° ~>°
40 40 ;
20 20 + il
6001-7000| -~ =035 | _ '
B 200x10° 7 x10°




Failure Density vs. Time
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Hazard Rate vs. Time
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Calculations

Time Interval

Reliability R(t)

Time Interval | Failures
(Hours) in the
interval
0-1000 100
1001-2000 40
2001-3000 20
3001-4000 15
4001-5000 10
5001-6000 8
6001-7000 7
Total 200

0-1000

1001-2000

2001-3000

6001-7000

200/200=1.0

100/200=0.5

60/200=0.33

0.35/10=.035
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Reliability vs. Time

1.2

Time in hours

7 x103
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Exponential Distribution
Definition

At)=4 A>0, t>0

f(t) = Aexp(—At)

R(t) = exp(—At) =1— F(t)

A(D) 1

R(1)

1.000

0.368

Time

Time

20



Exponential Model Cont'd

Statistical Properties

MITF = % A =5x10"° Failures/hr

MTTF=200,000 hrs or 20 years

Variance = iz
A

Median life (In P 1 Median life =138,626 hrs or 14
A vyears

2l



Empirical Estimate of F(t) and R(t)

When the exact failure times of units is known, we
use an empirical approach to estimate the reliability
metrics. The most common approach is the Rank

Estimator. Order the failure time observations (failure
times) in an ascending order:



Empirical Estimate of F(t) and R(t)

F(t) isobtained by several methods

Uniform “naive” estimator -

n
;
Mean rank estimator n+l
/—0.3
Median rank estimator (Bernard) n+04
/—3/8

Median rank estimator (Blom)
n+1/4



Empirical Estimate of F(t) and R(t)

Assume that we use the mean rank estimator

Rt) =+ t <t<t

1+1
Since f(t) is the derivative of F(t), then

f(tl) _ If(ti+l)_|£(ti) At =t 1—t
At .(n+1)

- 1

f(ti):Ati.(n+l)

1=0,12,....n

24



Empirical Estimate of F(t) and R(t)

A 1
A) = At (n+1-i)

I:I (ti) =—In (IQ(E)

Example:

Recorded failure times for a sample of 9 units are
observed at t=70, 150, 250, 360, 485, 650, 855,
1130, 1540. Determine F(t), R(t), f(t), 4} ,H(t)

25



Calculations

i t(i) t(i+1) F=i/l0 R=(10-i)/10 f=0.1/At A =1/(At.(10-i)) H(t)

O 0 70 0 1 0.001429  0.001429 0
1 70 150 0.1 0.9 0.001250  0.001389 0.10536052
2 150 250 0.2 0.8 0.001000  0.001250 0.22314355
3 250 360 0.3 0.7 0.000909  0.001299 0.35667494
4 360 485 0.4 0.6 0.000800  0.001333 0.51082562,
5 485 650 0.5 0.5 0.000606  0.001212 0.69314718§
6 650 855 0.6 0.4 0.000488  0.001220 0.91629073
7 855 1130 0.7 0.3 0.000364  0.001212 1.2039728
8 1130 1540 0.8 0.2 0.000244  0.001220 1.60943791
9 1540 - 0.9 0.1 2.30258509
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Reliability Function
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Probability Density Function

Density
Function
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Failure Rate
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Exponential Distribution: Another Example
Given failure data:

Plot the hazard rate, if constant then use the
exponential distribution with f(t), R(t) and h(t) as
defined before.

We use a software to demonstrate these steps.

30



Input Data

Data Entry
Detect sample size and classify
Unit | Time to Failure | « data in ascending arder |
1
g Eg Sa_rnple Size 50
4 |78 Failures 20
h 80
B g5 v Complete Sample
Censared by Mr. Units
! 37 Censored by Time S -
8 |105 Fandom Censaring . Close
9 110
1 112
11 119 Location Farameter
12 |121 _
153|125 (@ Frovided by User Location 0
14 128 O Provided by Computer “arameter
15 |132 . _
16 137 Lser's Dhsersations:
17 140 .;I Testfor all models, complete sample
Type 'C'to toggle between complete and censured time to failure
Twpe 'F' to reproduce the wvalue of the previous cell




Plot of the Data

EBRelest - Reliability Estimation
Options Graph Scale

E @ |Datafi|e:times.rel |MDdeI:WeibuIl

[ Bar Graphs

0.015

Hazard Rate

0.010

hit)

0.0035

0.000

3

213

375 ' 535 8

Time /100

“ Bar Graphs | Double-click a selected graph to maximize or minimize it.

!iiiﬂStartl b Graphics Server |I§,H_Relest - Re... |=|Microsoft Powe... | B3 Paint Shop Pro | |ﬂ IE M ReJED 253 PM
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Exponential Fit

Relest [model option]
—Model Option

* Exponential:

" Weibull
" Lognormal
" Gamma

" Linear Exponential

0K

Cancel |

Model:  f(t) = Aexp(—At)

Were: A - lambda parameter (failure rate)

t - time

33



Exponential Analysis

il Graphics - Exponential

Probability Density Reliabitity

QLS

L0

QL0

QL

Q0]

01000 - 3 7 ' 2 3 <

Time s 100 Time S 100

Hazard Kate Cumulative Frob. of Failure
1.0
o0&
0.6
0.4
0.2

0.0
2 3 4 0 2 3 4

Time S 100 Time S 100

i

Drs. Elsayed and Liao



Go Beyond Constant Failure Rate
- Weibull Distribution (Model) and
Others

35



The General Failure Curve
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Related Topics (1)

>

@ Burn-in:

° According to MIL-STD-883C,
burn-in is a test performed to
screen or eliminate marginal
components with inherent
defects or defects resulting
from manufacturing process.

Failure Rate

Early Life
Region

0 Time t..



Motivation - Simple Example

Suppose the life times (in hours) of several units

are. 123510 15 22 28
\ /)
v

MTTE — 1+2+3+5+10+15+22+28 _10.75 hours

8

After 2 hours of burn-in

B 2i32=1 52=3 10-2=8 15-2=13 22-2=20 28-2=26

N L
—

MRL (after 2 hours) = 1+3+8+13+20+26 =11.83 hours > MTTF

6




Motivation - Use of Burn-in

* Improve reliability using “cull eliminator”

P

Before burn-in I/ “\_ Alter burn-in

/

\
\
\
N

Company S~ o
‘ G« - - —- So—=5 "
U/ &
——
MTTF=5000 hours
Company S — ~

AV 4 A V4 AV 4 AV 4 AV 4 A V4 AV 4 A V4 >
7N 7\ 7N 7N 7N 7\ 7N 7\
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Related Topics (2)

Hazard Rate

A ]
@ Maintenance:

An important assumption for
effective maintenance is that ‘
component has an

Increasing failure rate.

Why?

Wear-Out
Region

>

Time t
40



Weibull Model

Definition

p-1 B
f(t):é[lj exp —(1] >0, n>0 t>0
n\mn

-1
At) = F(t)/R() = ﬁ[lj
n\n

£V
R(t) =exp —(—j =1-F(t)




Weibull Model Cont.

e Statistical properties

MTTF =n j;otl’/”e—tdt = nF(1+%)

Var = 2| T(+2 )—(r(1+i ))

p P

Median life = r7((In2)Y#)



Weibull Model

43



Weibull Analysis: Shape Parameter

Weibull Distribution

1 Shape,Scale

\ - 1,1
0.8

£ .
2 N\
0.4
T “\
0.2 ~
O
0 1 2 3 ¥ 5 a)
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Weibull Analysis: Shape Parameter

Weibull Distribution

1 Shape,Scale
/N —
0.8 / \
2 o \
)
e ./ \
() 0.4
° \
0.2 / \
0 \\‘__
O 1 2 3 4
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Weibull Analysis: Shape Parameter

Weibull Distribution

1.5 Shape,Scale
— 3.3,1

N
/N
c ) \

density
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Normal Distribution

Normal Distribution

0.4 Mean, Std. dev.
/\ _

0.3

0.1 / \

density
—
-2
T
I._...---"""

a7



Weibull Model

=2 ()"

0
Q
')
o
Z
S
=
>
0
O
>_
=

t
_(E)y

FO=2 () "

t B _(£)7 g
FO=[,2E) e 7 ds
t :

_(_)7

F(t)=1-€ °

t

_(_)7

R(t)=e ?

Drs. Elsayed and Liao



Input Data

Data Entry [times.rel]

Data Entry |
Detect sample size and classify

Unit |Time to Failure | « data in ascending order E=IUEEEY @
L =
2 23 ) S
3 |g? Sample Size 50 %
4 |78 Failures 20 =
5 80 c
G a5 v Complete Sample =

Censored by Nr. Units £
i 37 Censared by Time =
8 105 Fandom Censoring %
9 110 >
1 (112 %
11 119 “Location Farameter
12 |121 _
13 125 ® Provided by User Location [
14 |128 C Provided by Computer ~arameter
15 |132 _
16 137 User's Obsersations:
17 |[140 ;I Testforall models. complete sample
Twpe 'C'to toggle between complete and censured time to failure
Drs. Elsayed Twpe 'F'to reproduce the walue ofthe presvious cell



Plots of the Data

Reliability Estimation
Options Graph Scale

0
E @ |Datafi|e:times.re| |MDdeI:WeibuII 8
o
[MBar Graphs [ [O] %] i
7
Hazard Rate L
=

0.015
=
7
iz
(@)
c
=]
0.010 s
0
S
hit) =
0.005 %

0.000

5 ' 2.25 3.75 ' 525 6
Time /100

|| Bar Graphs | Double-click a selected graph to maximize or minimize it.

EiiiﬂStartl b4 Graphics Server |I§“_Relest - Re... [®|Microsoft Powe... | B8 paint Shop Pro | |E SRR 253 PM
Drs. Elsayeu darJ L1au




Weibull Fit

Relest [model option]

—Model Option $
‘ OK | EE[IIEE|‘:

(" Exponential - .
............................ 1-1 1
* Weibull t t 7
Weibull Model: f(t)= I[_J exp _[_J ;
(" Lognormal b\0 I 0 | =
(" Gamma Were: 6 - isthe scale parameter
" Linear Exponential ¥ - Isthe shape parameter

Drs. Elsayed and Liao



Test for Weibull Fit

Goodness of Fit Tests

Di

Chi-square Test (12)

Lower Upper Observed Expected Chisquare
Limit Limit Frequency Frequency Yalue
0 7agzs | 3 6.2 1.64
74978 149 956 16 11.9 1.39
149 9556 224 934 12 12. 0.00
224 934 299913 8 9.1 013
299 913 374 891 h h 7 008
374.891 449 869 3 3. 0.00
449 869 hZ24. 847 2 1.4 031
hZ24. 847 above 1 0.8 005
Chi-square =359 with 5 d.I.
Close

Significance level = 0.6101

Kolmogorov-Smirnov Test (K-5):

Estimated Kolmogorov DN = 0.07293
Approximate significance level = 02972

The hypothesis of ¥Weibull distribution can not be rejected.

-5



Parameters for Weibull

Uit Tirme to Without Time F

Failure Lacation Interval |~ | — ¥eibull Without Censoring —  Close |_
1 155 15.5 165
9 Xl X 7L _ ECaniden:e :
3 62 6o 1 Location Parameter = 0 Elntewal:!ﬂﬂ'ﬂi:;
4 /8. /8. 16. MLE: v = 18185 Change :
] a0, a0, 2. 6 = 237141
b b, b, . Yar(y) = 0.04021
7 97, 97, 12, Yarp) = 377.181
: 105, 105, 3 Covp ) = 1.21891
: 110. 110. . Unbiased estimate:
10 112. 112. 2. v = 1.76894
11 118. 118. 7. Yar(y) = 0.04092
12 121. 121. 2. 8 = 235581
13 125. 125. 4.
7 198 198 . Confidence Interval:  (Low) (Up)

: : : for vy = 1.41274; 2.05453

15 132. 132. 4 for 6 = 204.26; 272.005
1h 137. 137. .
17 3 v




Weibull Analysis

i Graphics - Weibull

Probability Density Reliabitity
000 10
O.002 0&
£t 0.4
(t) oo R(t) O
000 03
L0000 0.0
0 1 2 3 4 3 ) 0 1 2 3 4 3 &
Time f 100 Time f 100
Hazard Rate Cumulative Prob. of Failure
LA 1.0
0.015 0.8
hit 0.4
(t7  oow Bt} o
L Es) 03
L0 0.0
0 1 2 3 4 3 ) 0 1 2 3 4
Time f 100 Time f 100

Drs. Elsayed and Liao



Example 2: Input Data

Data Entry [weibullZ_rel]

Uit

Q| 0 | el [ | T | o |t [ P |

10

11

12

13

14

15

16

D ata Entry

Time to Failure
1
12
12
14
16
17
18
20
22
2F
29
31
35
39
48
>

Drs. Elsayed and Ll1ao

e

e

Dietect zample zize and classify

data in ascending order

sample Size 15
Failures 15

W Complete Sample
Cenzared by Mr. Units
Cenzored by Time
R andorm Censzoring

Location Parameter

(@ Provided by Lser
() Provided by Computer

lzer's Obzervations:

........................

Location 0
FParameter

Type 'C' to togagle between complete and censured timme ta failure
Type ' to reproduce the value of the previous cell




Example 2: Plots of the Data

¥l Bar Graphs
Frequency Feliabitity g
-
i) e E
= ==
D i Tiﬂ'u.E::.I“ICI C D i TimE}l."lll:' o 2
Hazard Fate Cutnulative Prob. of Failure %

Ft)
=all —=l

o 12 b i & o 12 b i2 &

Time / 10 Time / 10

Drs- Elqu_y\,u Uliu 1uv



Example 2: Weibull Fit

Relest [model option]

—Model Option $
‘ Ok | Cancel ‘ i
(" Exponential - . :
............................ 1-1 1
& Weibull t t
Weibull Model: f(t)= I[_J exp _[_J ;
(" Lognormal b\0 I 0 | =
(" Gamma Were: 6 - isthe scale parameter
" Linear Exponential ¥ - Isthe shape parameter

Drs. Elsayed and Liao



Example 2:Test for Weibull Fit

Y Goodness of Fit Teszts

Chi-square Test (x2):
Lower Upper Obszerved Expected Chisguare
Limiat Limiat Frequency Frequency Yalue
8.1 18.55 S AR 5.8 0.23
18_55 29 4 4.9 017
29 39. 45 3 2.9 0.00
3945 above 1 1.3 0.09
Chi-square = 0.50 with 1 d.f.
Significance lewvel = 04804 Close
Kolmogorovy-Smirnoy Test (K-5):
Estimated Kolmogorow DN = 0.12521
Approximate significance level = 0.3038
The hypothesis of WWweibull distribution can not be rejected.

Drs. Elsayed and Liao




Example 2: Parameters for Weibull

L2 Diztribution Fitting

Il it Time to W ithout Time ; ; ;
Failure Lacation [Hteryal A Weibull Without Censornng I_ Close |.
(- 0, ¢ 10 10 :
Conhidence !
2 12 1e 2 Location Parameter = 0 lrtereal 0% |
3 12, 12, a :
4 14, 14, 2 MLE- v = 2.3255 _Change | |
B 1E. 1E. 2. & = Z26.464
3 17 17 1 Yaily] = 0.21391/7
3 18 18 ] Yarle ] = 9.57451
: : : Covp .v] = 0.45342
2 20 20. 2.
9 Py 22 2 Unbiazed estimate:
10 27 27 R, T = 2.10821
1 ) ) 2 ""E“h;]: g_ﬁzggg
12 1. 3. 2. '
13 5. 35. 4. Confidence Interval:  [Low] [Up]
14 a9, 19 4 fFor v = 137217 275212

Drs. Elsayed and Liao




Weibull Analysis

I Graphics - Weibull

Probability Density
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Versatility of Weibull Model

Hazard rate:

Hazard Rate

A

A(t) = £ 1)/ R(t) =ﬁ(1
n\7

Constant Failure Rate

.

Region
0<p<l
Early Life Wear-Out
Region ,B _q Region
>
Time t
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Graphical Model Validation

Weibull Plot

£V
F(t)=1-R(t)=1—exp —(—)
n

1
= In |n1_ FO =pInt—pInn s linear function of In(time).

» Estimate F(t)at t; using Bernard’s Formula

For n observed failure time data (t,t,,....t,...t.)

~ 1—0.3
F(t)=
(t) n+0.4
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Probability

Example - Weibull Plot

T~Weibull(1, 4000) Generate 50 data

Weibull Probability Plot

0.99 - - =
-
0.96 =
0.90 -y
0.75
@ - —r-———————————— - -
oso . 0.632 .
|
0.25 : : _ _
:l;‘/ . | If the straight line fits
0.10 _;T-'}" B | | the data,\Weibull
0.05 oA / ' distribution is a good
' s 7 I model for the data
s |
0.02 o :
2 I
0.01 + _.* :
-’ I
10° 10° n 10° 63

Data



